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Abstract 

In this paper we make a review of the results obtained in previous 
works by the authors on deformation quantization of coadjoint orbits 
of semisimple Lie groups. We motivate the problem with a new point 
of view of the well known Moyal-Weyl deformation quantization. We 
consider only semisimple orbits. Algebraic and differential deforma- 
tions are compared. 
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1 Motivation 



The difference between classical and quantum mechanics is the presence of a 
non commutative algebra substituting the commutative algebra of classical 
observables. This non commutative algebra has a representation in some 
Hilbert space. The approach of deformation quantization consists in obtain- 
ing the quantum algebra as a deformation of the classical one. The parameter 
of deformation, which measures the non commutativity of the algebra, is the 
Planck constant h. This is in agreement with the Bohr correspondence prin- 
ciple which states that when h — > the behaviour of the quantum system 
becomes closer to the classical one. 

To quantize a physical system defined on one associates to the coor- 
dinate functions p and q on the self-adjoint operators on P and Q on 
n = L\R): 

satisfying the commutation rule [Q, P] = ~ihl. For generic polynomials in 
p and q one should select an ordering rule. Using the symmetric (or Weyl) 
ordering rule the operator associated to the polynomial g^p"^ is self-adjoint 
and given by [Q: 

w{xi^ ■ ■ ■ Xi^^^) = ^ ^ Xi^^^j . . . Xj^^^^^j 

with ij = 1,2 and Xi = q, X2 = p, Xi = Q, X2 = P. This defines a non 
commutative algebra structure on the polynomial algebra on M^, Pol(]R^), 

ai.b = w'\w{a) -wib)), a,6GPol(M^) (1) 

whose associated Lie bracket was first written by Moyal f^. 

This product can be expressed as an infinite power series in h: 

f ^ g = fg + B^U,g)h + B2U.g)h^ + ■ ■ ■ 

with the Bi bioperators that coincide with bidifferential operators acting 
on polynomials. This means that one can extend Bi to act on C°°(R2). 
The degree of the bidifferential operators is (we will see the explicit 
form later), which means that the product of two polynomials gives another 
polynomial. When extending to C°°(]R^) the product of two functions may be 
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an infinite, non convergent power series in h. The product is well defined only 
in the space of formal power series in h with coefficients in C°°(M2). This 
is usually denoted by C°°(M^)[[^]]. This was the approach to differential 
deformations taken in Ref. 0. 

It is our intention to give another point of view on the product defined 
above by w on Pol(M^) and its generalization to the C°° functions. 

Let H be the three parameter group H = M'^ with multiplication 

(ai, 61, ci) ■ (a2, &2, C2) = (cti + (32, bi + 62, ci + C2 + 0162)- 

It is the Heisenberg group with Lie algebra f) = M'^ = spanjQ, P, E' = —iE} 
and commutation rules 

[Q,P] = -iE (the rest trivial). 

We consider the dual space [)* with coordinates {q,p,e' = —ie) in the 
basis dual to {Q,P,E' = —iE}. The algebra of real polynomials on [)* is 

Pol(t)*) = spanK{g>V^ m, n, r = 0, 1, 2, . . . }. 

There is a Poisson structure on C°°(P)*) 

under which the polynomials Pol(l)*) C C°°{i)*) are closed. This is the Kir- 
illov Poisson structure for [). 

The Poisson structure is tangent to the planes e' = constant, where it 
restricts as a symplectic structure (maximal rank) provided e' 7^ 0. On the 
plane e' = the Poisson structure is identically 0. The planes e' = constant 7^ 
and the points of the form {q,p, 0) are the leaves of the symplectic foliation 
of the non regular Poisson structure (^ . 

The adjoint representation of g = (a, b,c) G H in the ordered basis 
{Q,P,E'} is 

Ad^ = I 

On [)* we have the coadjoint action defined by given by 

Adl^x) = ^Adg-^x) ^ei)*, X ei), gen. 
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In the dual basis, 




The orbits of the coadjoint action are the planes e' = constant 7^ and 
the single points {q,p,0). They coincide with the leaves of the symplectic 
foliation of (Q). (This is also the case for a general Lie algebra). 

So we have that the coadjoint orbits are symplectic manifolds with an 
action of the group H. Since the stability group (for e' 7^ is M ~ {(0, 0, c)}, 
they are in fact coset spaces H/R. 

Let f)ft be the Heisenberg algebra with bracket multiplied by /i G M (Later 
on we will take it as formal parameter). We consider now the enveloping 
algebra of l)fi, f/(f)?i), which is the tensor algebra T(f);j) modulo the ideal 
generated by the relations of the Lie bracket, that is 

Q®P - P®Q = hE\ Q®E' -E'0Q = O, P0 E' - E' ®Q = 0. 

An ordering rule in U{l)fi) is a linear bijection Pol(()^) U{l)fi). We can 
take for example the symmetric (or Weyl) ordering rule 

W{xi, ■ ■ ■ XiJ = ^ 5^ ® ■ ■ ■ ® ^..(,), (3) 

where xi = q, X2 = p, X3 = e' and Xi = Q, X2 = P, X3 = E' and ij = 1, 2, 3. 
We can define an associative, non commutative product on Pol(f)^) as 

fi*f2 = W-\W{h)W{f2)). (4) 

Explicitly, 



00 1 fc -t 
h ^ Uq,p, e') = k^ir'^'P'if^' f^) = exp(-ye'P)(A, h), (5) 

k=0 

P^if f ] = P*i-?i pikjk ^f"^ 

^^^'^^^ dx'^---dx^^ dx^-'-dxi"' 

P= J), ^hJ; = l,2, 1 = 1. ..k. 
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The product defined in is of tlie general form 



f^g = J2Ciif,9W 

i=0 

with Ci bidifferential operators and satisfying the properties 

l-lim/i*/2 = /1/2, 

2.1im-i(A^/2-/2^/i) = {/i,/2}. (6) 

ru-^O Ztl 

Since in only derivatives ^ and ^ appear, the bidifferential operators 
are tangent to the orbits e = constant 7^ 0. One can in fact restrict it to 
the orbit (say, e = 1) without ambiguity and obtain a non commutative 
associative product on Pol(M^). It is the Moyal-Weyl product on Pol(R^), 
that we have described in (|1]). The differential property allows us to extend 
the product to C°°(M2)_ 

In general, given a real manifold M, a product defined on C°°(M)[[/i]] 
satisfying the properties @ is a called a star product on M (or on C°°(M)). 
If the Cj's are bidifferential we say that the star product is differential. If M 
is an affine algebraic variety, and the star product is defined on polynomials 
we say that it is an algebraic star product on M (or on C[M]). 

The Moyal-Weyl star product on is differential, when restricted to 
Pol(M^) is algebraic and additionally it converges on polynomials for all real 
values of h. 

We want now to generalize this construction to the coadjoint orbits of 
a semisimple Lie algebra. The simplest non trivial example of a coadjoint 
orbit is the sphere ~ SU(2)/U(1). We can suitably generalize the alge- 
braic construction using the enveloping algebra of 3u(2) =Lie(SU(2)). This 
was done in Refs.[Q 0, and we will make a review of it in Section ^ (an- 
other construction for certain types of algebraic manifolds can be seen in 
Ref.0). The other approach is to generalize the differential construction. 
This was done for arbitrary symplectic (in fact, for regular Poisson) mani- 
folds in Refs. 0, |^, |^. For arbitrary Poisson manifolds it was done first in 
Ref. |[LO|| , and with different approaches in Refs.jl^, |1^ . 



How can one write a differential star product on an arbitrary, symplectic 
manifold M? Let U be an open set in M where Darboux (canonical) co- 
ordinates exist, so f/ ~ M^". We can write a star product on U using the 
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Darboux coordinates and (|^). Formula (0) is not invariant under symplectic 
transformations (unless they are linear symplectic transformations), but two 
star products given for different open sets U, V (denoted by -ku and -kv) are 
isomorphic in the intersection U (IV. It is a general principle that one can 
"glue" the star products defined in every open set of a covering of M into a 
globally defined star product on M, if the two following conditions are 
satisfied: 

1. In the intersection U ClV there is an isomorphism of algebras 

(Puvifl /2) = (Puvifl) <Puv{f2), fu f2 G C^{U). 

2. In the intersection of three open sets U (IW (IV the cocycle condition 

4>uv = 4>uw o 4>wv 

is satisfied. 

The first condition is satisfied in the symplectic case. The second condi- 
tion can also be satisfied since it has been shown that a global star product 
exists 0, ^, . In Appendix 1 we will write an explicit form of the gluing in 
terms of a partition of unity. 

It is worth mentioning that in some non trivial cases global Darboux 
coordinates exist for the whole manifold. (This is happening for example in 
the case of coadjoint orbits of 50(2) x GL+(2), Ref. ||13|). In this case a star 



product is defined on C°^(M) [[/;,]] using the Moyal-Weyl deformation with 
Darboux coordinates. 

In the case of the Heisenberg group the star product on f)* is tangent to the 
orbits so that the restriction to the orbit is well defined. For a more general 
group this is not guaranteed |]14|, and we will see that in the semisimple 



case one cannot have a star product that is simultaneously algebraic and 
differential, that is a star product defined on the polynomials on the orbit 
via bidifferential operators. Nevertheless, we can ask if there is any relation 
between the star products constructed using the algebraic method and the 



differential one. This question was addressed in Refs. [piq, |16[. We will review 
it in Section |3|. 
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2 Algebraic construction of a star product 



Let G a real semisimple Lie group and g = Lie(G). Let {Xi, . . .X„} be a 
basis of g and (^i, . . . the coordinates on g* with respect to the dual basis. 
On g* we have the Kirillov Poisson bracket 

{/i,/2}(0 = {[dfudMO = E^-^'^^If' e C-idl (7) 

ijk 

where c^^ are the structure constants of g. Since g is semisimple, one can 
identify g ~ g* by means of the invariant Cartan-Killing form. From now 
on we will work in the complex field, so we will take the complexification of 
an algebra when needed. The deformed algebras that we will obtain have a 
conjugation and the space of fixed points of a conjugation is a real algebra. 
We will denote Pol(g*)c = C[g*]. If we multiply the structure constants of 
the algebra g by a parameter h, when we set h equal to a real number we 
obtain an algebra isomorphic to g. Let us now treat h as a formal parameter. 
Let Qh denote the Lie algebra over C[[/i]] obtained from g by multiplying the 
structure constants by the formal parameter h. Let Uh{Q) (or for brevity Uh) 
denote its universal enveloping algebra. 

The Weyl map W : C[g*] [[/;,]] Uh is defined as in (D and it is a linear 
bijection. It defines a star product on g* via formula (^. It is easy to 
see that this star product is differential. There are other linear bijections 
between C[g*] and f/(g) that define other (equivalent) star products. We 
will make use of this freedom later. But W has the following property (see 
Ref. [jl^ pg. 183): let A be an automorphism (derivation) of g. It extends 



to an automorphism (derivation) of Uh denoted by A. It also extends to an 
automorphism (derivation) A of 5'(g)c[[/i]] — C[g*] [[/;.]] {S{g)c denotes the 
complexification of the symmetric tensors over g). Then 

WoA = AoW. (8) 

This intertwining property will be useful for the construction of the defor- 
mation on the orbits. 

The leaves of the symplectic foliation of (0) coincide with the coadjoint 
orbits of G. We consider the complexified group Gc, and a semisimple 
element X e g (that is, X has no nilpotent part in the Jordan decomposition). 
The coadjoint orbit of this element is an affine algebraic variety defined over 



7 



M. The real form of this orbit is a union of real orbits. If G is compact then 
the real form of the complex orbit is the real orbit itself. We will construct 
a deformation quantization of the real form of the complex orbit. 

In the symplectic foliation of g* there are leaves of different dimensions. 
When the dimension is maximal we say that the orbit (or leaf) is regular. In 
this case, the polynomials that define the affine variety are invariant polyno- 
mials. In fact, they are of the form 

Pi = c°, i = 1, . . . m = rank(0), c° G M, 

where Pi are homogeneous polynomials that generate the whole algebra of 
invariant polynomials (Chevalley theorem) 

lnv(0)c = C[pi, . . . ,pm]. 



c° are generic constants and {dpi} are independent on the regular orbit |TB| . 
The ideal of the orbit is Xq = {Pi — c'll,i = 1 . . . m) , and the ring of polynomials 
on the orbit is 

c[e] = c[0*]/To. 

If the orbit is not regular, then one can show that the ideal of the orbit 
is generated by a set of polynomials {va, a = 1, . . . ,1} satisfying 

I 

T^{g-'X) = Y,T{g)aprp{X), (9) 

/3=1 

where T is a finite dimensional representation of G. This means that if not 
the polynomials, the set itself is invariant under the action of the group 

It is not difficult to see that the star product defined on g* via the Weyl 
map W is not tangent to the orbits, so the restriction is not well defined. 
But there are other isomorphisms if) : C[g*][[/i]] Uh and star products 

/l^^/2=^-'(^(/l)^(/2)). 

We are going to construct an isomorphism such that the star product 
is well defined on the orbits. 

Let Ra = W{ra). Notice that (H) includes as a particular case the regular 
orbits, since one can take {va} = {Pi — c°}. We consider now the two sided 
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ideal in Uh generated by Ra, = (Ra)- It is easy to show using property 
(H) that the left and right ideals are equal, and then equal to 2h, 

-7-left T-i'ight T 

We look for an isomorphism ip such that ipiTo) = 'ip{Ih) so the diagram 

(10) 

C[r][[/^]]/Xo Uh/Th 

commutes and the induced map ifj is an isomorphism. Then the product 
defined by: 

/l*^/2 = ^-'(^(/l)^(/2)) 

is an algebraic star product on the orbit. 

In [|] the case of regular orbits was solved and in [^] the regularity con- 
dition was removed. Here we show explicitly the case of SU(2), although the 
construction was done in complete generality. 

2.1 Star products on the coadjoint orbits of SU(2) 

We consider the Lie algebra q = su(2) = spaujjjX, Y, Z} with commutation 
rules 

[X, Y] = Z, and cyclic permutations. 

Let {x, y, z} be coordinates on q* with the dual basis. The coadjoint orbits 
of SU(2) are spheres S"^ centered in the origin. As affine algebraic varieties 
they are defined by the polynomial constrain 

p = x'^ + y'^ + z'^ = r'^ , r G M. 

The origin itself is the only non regular orbit. 

We now go to the complexification. Let Iq = {p — r^) C C[x,y,z]. 
Consider the following basis of C[x, y, z], 

B = BqUBi 

Bo = {x^y^z^lp - r^), m, n, g = 0, 1, 2, . . . } 
5i = {x^'y^'z'', z/ = 0, 1, m, n = 0, 1, 2, . . . }. 
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Bq is a basis of Tq and the set of equivalence classes in C[0*]/Xo of the elements 
of Bi is a basis of C[0]. Consider the map 

where P = + + is the Casimir operator of su(2). Then V^(Xo) = Th 
with 1h = [P — r^) C Uh and the induced map is an isomorphism, so an 
algebraic star product on S"^ is defined. In it was proven that it is not 



differential. Notice also that the star product is tangential only to the orbit 
with radius r, and not to the orbit with radius r + 5r. 

In the general case it is tricky to show that the images under if) of Bi are 
linearly independent in Uh/1h- In this was done for regular orbits and 

in Ref. we were able to remove the regularity hypothesis. 



There are other isomorphisms that one can use. In Ref. |]I9| it was explic- 



itly constructed a star product on the regular orbits by finding another such 



isomorphism. The construction is based in the decomposition |22| 

Pol(0*) = lnv(0*) ® Harm(0*). 

Inv(0*) are the polynomials on g* that are invariant under the action of the 
group and Harm(g*) are the harmonic polynomials, which can be identified 
with the polynomials on the orbit, Pol(0). Then, a basis of Pol(0*) is 

{p7, /GHarm(s*), r = 0,1,2,...}. 

The isomorphism is given in terms of this basis as 

ij{ff) = P'-Wif). (11) 



The corresponding star product is not differential |jT9|, but it has the property 
that it is tangent to all the orbits in a neighborhood of the orbit p = r^. 

We want to make the observation that in the case of regular orbits, be- 
ing p an invariant polynomial, we can slightly generalize the construction 
and choose tp{p — r^) = P — c{h) where c(0) = r^. This allows to chose 
c{h) = r{r + h). For each irreducible representation of su(2) and its envelop- 
ing algebra we can find special values of r in such a way that the represen- 
tation descends to the quotient Uh/Ih- The image of this algebra under the 
irreducible representation is a finite dimensional algebra that was studied in 
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Ref.pr . It has been recently called a "fuzzy" sphere in the physics literature. 



It is also the algebra of geometric quantization 

In this way we can construct a family of algebraic deformations. It turns 
out that they are not all isomorphic [ir 



3 Comparison between the algebraic and the 
differential methods for regular orbits 

We have seen in the case of SU(2) how to construct a family of deformations 
of the regular orbits. The construction can be generalized to all the regular 
orbits of a compact semisimple Lie group. (For the non compact case and 
semisimple orbits, we recall that the algebraic variety is indeed a union of 
orbits). The deformations are of the form Uh/1h where Xh = [Pi — Ci{h)) 
with Pi = W{pi), the Casimir operators of q. Different choices for Cj(/i) (but 
always with Cj(0) = c^) may give non isomorphic algebras. The question is 
if any of these algebras is somehow equivalent to a differential one. The first 
thing we note is that we may perhaps get an injective homomorphism of the 
star product algebra of polynomials into the C°° functions with a differential 
star product algebra, so "equivalence" in this context will mean to have such 
embedding. 

If g is a semisimple Lie algebra, it is not possible to have a differential 
star product that is tangential to all the orbits of g* H^. Instead, we can 



consider a regularly foliated neighborhood of the orbit, where a differential. 



tangential star product always exists |22 



We will consider three different star products: 

Star product ^5 on g*. It is the one induced by the Weyl map. It is 
algebraic, differential, defined on all g* and not tangential. 

Star products -kp and -kpQ. It is the star product on g* defined by 

ij{{p^ - c'ir ■■■{Pm- cir-f) = {Pi - c,{h)r ■■■{Pm- uh)r-w{f), 

where Ci{h) is still to be determined and / is an harmonic polynomial (see 
([TT|)). It is algebraic, not differential, defined on all g* and tangential. We 



will denote -kpQ the restriction to the orbit. 
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Star products -kx and *Te- We consider A^e, a regularly foliated neigh- 
borhood of the orbit, and an atlas given by a good covering with Darboux 
coordinates. On each open set, we construct the star product given by Kont- 
sevich's local formula [|1^ in the Darboux coordinates. From Kontsevich's 
theorem, it follows that it is equivalent to the restriction of -ks to that open 
set. The star products obtained with the Darboux coordinates can be glued 
into a global star product on A/e (see Appendix 1). 

It is differential, tangential and not algebraic. Also, it is equivalent to -ks 
on Ae. Its restriction to 6 is denoted by -kxe- 

We have the following maps: 

W][[h]],^p) (C[r][[/i]],^5) C (C~(Ae)[[/.]],^5) 

{C^{Afe)[[h]],^s) — ^ (C-(Ae)[[/i]],^T). 

injective 

So we have that p o is an injective homomorphism. Since both, and 
are tangential, we may ask if p o 7] descends as an injective homomorphism 



to the algebras on the orbits. In [16| it was shown that Ci{h) can be chosen 
in such a way that p o 77 (Xq) = Iq so we have that the polynomial algebra 
{C[Q][[h]],i.pe) inject homomorphically into (C°°(e)[[/i]],^Te)- 

Appendix 1. Gluing of star products 

Let M be a Poisson manifold and fix an open cover U = {Ur}reJ where J 
is some set of indices. Assume that in each Ur there is a differential star 
product 

and isomorphisms 

Tsrif) -ks Tsr{g) = Tsr{f *r 9) 

such that the following conditions are satisfied 

1. Trs = T^r^ on Usr, 

2. TtsO Tsr = Ttr, on Urst- (12) 
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Then there exists a global star product on M isomorphic to local star product 
on each U^- 

Let : f/j ^ M be a partition of unity of M subordinate to the covering 
U and /, G C°°(f/,) such that /, = T„/,. Let / G C°°(M) be the function 

reJ 

On Ur, f becomes 

/ = (0rld + ^ 4>sTsr)fr = Arfr- 
s 

We define a star product on Ur as 

/^^7 = ^rK-'(/)*.A;'(^7)). (13) 
it is equivalent to Using conditions (|l^) one has 

Then, the star products (|13|) on each Ur coincide in the intersections, so they 
define a unique star product on M. The restriction of this star product to 
Ur is equivalent to -kr. Also, using different partitions of unity one obtains 
equivalent star products. 
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